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The standard description of cavity-modified molecular reactions typically involves a single (reso-
nant) mode, while in reality the quantum cavity supports a range of photon modes. Here we demon-
strate that as more photon modes are accounted for, physico-chemical phenomena can dramatically
change, as illustrated by the cavity-induced suppression of the important and ubiquitous process
of proton-coupled electron-transfer. Using a multi-trajectory Ehrenfest treatment for the photon-
modes, we find that self-polarization effects become essential, and we introduce the concept of self-
polarization-modified Born-Oppenheimer surfaces as a new construct to analyze dynamics. As the
number of cavity photon modes increases, the increasing deviation of these surfaces from the cavity-
free Born-Oppenheimer surfaces, together with the interplay between photon emission and absorp-
tion inside the widening bands of these surfaces, leads to enhanced suppression. The present findings
are general and will have implications for the description and control of cavity-driven physical pro-
cesses of molecules, nanostructures and solids embedded in cavities.
The interaction between photons and quantum sys-
tems is the foundation of a wide spectrum of phenom-
ena, with applications in a range of fields. One rapidly-
expanding domain is cavity-modified chemistry, by
which we mean here nuclear dynamics concomitant
with electron dynamics when coupled to confined quan-
tized photon modes [1–4]. The idea is to harness strong
light-matter coupling to enhance or quench chemical
reactions, manipulate conical intersections, selectively
break or form bonds, control energy, charge, spin, heat
transfer, and reduce dissipation to the environment, for
example. This forefront has has been strongly driven
by experiments [2, 5–11], with theoretical investigations
revealing complementary insights [4, 12–31]. However,
apart from a handful of exceptions [32–39] the sim-
ulations of cavity-modified chemistry largely involve
coupling to only one (resonant) photon mode, and the
vast majority uses simple model systems for the mat-
ter part. The modeling of realistic cavity set-ups re-
quires coupling to multiple photon modes that are sup-
ported in the cavity even if they are not resonant with
matter degrees of freedom, and further, the descrip-
tion should account for losses at the cavity boundaries.
Some strategies have been put forward to treat quan-
tized field modes in the presence of dispersive and ab-
sorbing materials [40–44] and theories have been devel-
oped to treat many modes and many matter degrees of
freedom [14, 27, 30, 32, 34–38, 45]. So far unexplored
however is an explicit demonstration of how the cavity-
modified electronic-nuclear dynamics change as one in-
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creases the number of photon modes in the simulation.
Molecules coupled to multiple photon modes rep-
resent high-dimensional systems for which accurate
and computationally efficient approximations beyond
model systems are needed. To this end, the Multi-
Trajectory Ehrenfest (MTE) approach for light-matter
interaction has been recently introduced [33, 34], and
benchmarked for two- or three-level electronic systems
in a cavity. Wigner-sampling the initial photonic state
to properly account for the vacuum-fluctuations of the
photonic field while using classical trajectories for its
propagation, this method is able to capture quantum
effects such as spontaneous-emission, bound photon
states and second order photon-field correlations [33,
34]. In particular, as the trajectories are not coupled dur-
ing their time-evolution the algorithm is highly paral-
lelizable. Therefore, due to the simplicity, efficiency, and
scalability, the MTE approach for photons emerges as an
interesting alternative or extension to other multi-mode
treatments [27, 30, 32, 34, 36, 37, 43, 45]. [46]
In this work, we extend the MTE approach to cavity-
modified chemistry, and point out the effect that ac-
counting for many photon modes has on coupled
electron-ion dynamics. We focus on the process of
polaritonic suppression of the proton-coupled electron
transfer [47], finding the electron-nuclear dynamics sig-
nificantly depends on the number of modes, as sketched
in Fig. 1. We neglect (for now) any effects from cav-
ity losses so we can isolate effects purely from having
many modes in the cavity rather than a single mode. To
validate the MTE treatment of photons, we first study
the single-mode case for which exact results can be com-
puted, finding that MTE performs well but tends to un-
derestimate the photon emission and cavity-induced ef-
fects. We explain why using the exact factorization ap-
proach [48]. Treating also the nuclei classically gives
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reasonable averaged dipoles, and photon numbers, but
a poor nuclear density, as expected. Turning to multi-
mode dynamics computed from MTE, we find that as
the number of cavity modes increases, the suppression
of both proton transfer and electron transfer signifi-
cantly increases (without changing coupling strength),
the electronic character becomes more mixed through-
out, and the photon number begins to increase. The re-
sults suggest that even when cavity modes are far from
the molecular resonances, the chemical properties of the
molecule can be dramatically altered by the presence of
the cavity even when the coupling strength is not par-
ticularly large. The self-polarization term [19, 49, 50]
in the Hamiltonian that is often neglected in the liter-
ature, has an increasing impact on the dynamics, and
we analyze the error made when neglecting it, depend-
ing on the number of photon modes accounted for. To
this end, we introduce the concept of self-polarization-
modified Born-Oppenheimer (spBO) surfaces as an in-
structive tool for analysis of chemical processes medi-
ated by cavity-coupling.
I. HAMILTONIAN
In this work we consider the non-relativistic photon-
matter Hamiltonian in the dipole approximation in the
length gauge, i.e. applying the Power-Zienau-Woolley
Gauge transformation [51] on the minimal coupling
Hamiltonian in Coulomb gauge, as [4, 18, 30, 48, 52, 53]
Hˆ = HˆSPm + Hˆp + Vˆpm , (1)
with the Hamiltonian for the matter in the cavity as
HˆSPm = Tˆn + Hˆ
SP
BO where Hˆ
SP
BO = Tˆe + Vˆm + Vˆ
SP . (2)
Our model is in one dimension, with one electronic co-
ordinate r and one nuclear coordinate R, where the nu-
clear and electronic kinetic terms Tˆn = − 12M ∂
2
∂R2 , Tˆe =
− 12 ∂
2
∂r2 , while Hˆ
SP
BO denotes the spBO Hamiltonian, de-
fined by adding the self-polarization term,
Vˆ SP =
1
2
M∑
α
λ2α(ZRˆ− rˆ)2 , (3)
to the usual BO Hamiltonian. The self-polarization term
depends only on matter-operators but scales with the
sum over modes of the squares of the photon-matter
coupling parameters λα; thorough discussions of this
term can be found in Ref. [19, 49, 50]. Atomic units, in
which ~ = e2 = me = 1, are used here and through-
out. The photon Hamiltonian and photon-matter cou-
pling read as follows
Hˆp(q) =
1
2
M∑
α
(
pˆ2α + ω
2
αqˆ
2
α
)
(4)
Vˆpm =
M∑
α
ωαλαqˆα
(
ZRˆ− rˆ
)
, (5)
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FIG. 1. An exemplary sketch of a molecule coupled to many
photon modes. (a) Sketches the spBO surfaces and the cor-
responding nuclear dynamics for a coupling to a single pho-
ton mode. (b) Depicts the effect of many photon modes on
the spBO surfaces and the corresponding complete photo-
chemical suppression of the proton-coupled electron transfer.
where α labels the photon mode, qˆα =
√
1
2ωα
(aˆ†α + aˆα)
is the photonic coordinate, related to the electric field
operator, while pˆα = −i
√
ωα
2 (aˆ − aˆ†) is proportional to
the magnetic field. It is important to note that in this
gauge, the photon number is given by
Nˆp =
∑
α
(
aˆ†αaˆα + λαqˆα(ZRˆ− rˆ) + λ2α(ZRˆ− rˆ)2/(2ωα)
)
(6)
We choose the matter-photon coupling strength
through the 1D mode function λα =
√
2
L0 sin(kαX)
where L denotes the length of the cavity and kα = αpi/L
the wave vector ( α = 1, 2, 3...) , andX the position mea-
sured from the center of the cavity. Unless stated oth-
erwise, we take X = L/2, assuming that the molecule
is placed at the center of the cavity, and L = 12.5µm,
much longer than the spatial range of the molecular dy-
namics. This cavity-length yields a coupling strength
of λα = (−1)α−12 0.01a.u. for modes with odd α, λα =
0 for even α, and a fundamental cavity mode of fre-
quency ω0 = 0.0018 a.u., and these parameters are used
throughout the paper except for in benchmarking the
single-mode results in Sec. III.
In our particular model the matter potential Vˆm is
given by the 1D Shin-Metiu model [54–56], which con-
sists of a single electron and proton (Z = 1 above),
which can move between two fixed ions separated by
a distance L in one-dimension. This model has been
studied extensively for both adiabatic and nonadiabatic
effects in cavity-free [55–58] and in-cavity cases [18, 47,
2
59]. The Shin-Metiu potential is:
Vˆm =
∑
σ=±1
 1
|R+ σL2 |
−
erf
( |r+σL2
aσ
)
|r + σL2 |
− erf
(
|R−r|
af
)
|R− r|
(7)
We choose here L = 19.0 a.u., a+ = 3.1 a.u., a− =
4.0 a.u., af = 5.0 a.u., and the proton mass M =
1836 a.u.; with these parameters, the phenomenon of
proton-coupled electron transfer occurs after electronic
excitation out of the ground-state of a model molecu-
lar dimer [47]. Furthermore, for computational conve-
nience in the MTE calculations we truncate the elec-
tronic Hilbert space to the lowest two BO-surfaces.
II. SELF-POLARIZATION-MODIFIED BO SURFACES
Potential energy surfaces play a paramount role in an-
alyzing coupled dynamics: we have Born-Oppenheimer
(BO) surfaces for cavity-free dynamics, Floquet [60, 61]
or quasistatic [62, 63] surfaces for molecules in strong
fields, cavity-BO [18] or polaritonic surfaces [13] for
molecules in cavities and the exact-factorization based
time-dependent potential energy surface [47, 64, 65]
for all cases that yields a complete single-surface pic-
ture. The surfaces so far explored for molecules in cav-
ities have largely neglected the self-polarization term,
which is often indeed negligible for typical single-
mode calculations. However, its importance in obtain-
ing a consistent ground-state and maintaining gauge-
invariance has been emphasized [49, 50]. The self-
polarization term involves a sum over the number of
photonic modes considered [66]. In the multi-mode
case, this sum can become as important as the other
terms in the Hamiltonian, and, as we shall see below,
it cannot be neglected, especially becoming relevant for
large mode-numbers, contributing forces on the nuclei
while the total dipole evolves in time. To analyze the
dynamics, we define self-polarization-modified Born-
Oppenheimer (spBO) surfaces SPBO(R), as eigenvalues of
the spBO Hamiltonian: HˆSPBOΦ
SP
R,BO = 
SP
BO(R)Φ
SP
R,BO.
Further, we define ”n-photon-spBO surfaces” by sim-
ply shifting the spBO surfaces uniformly by n~ωα. We
note that this nomenclature should not be taken too lit-
erally since in the length gauge, the photon number in-
cludes matter-coupling and self-polarization terms on
top of the Coulomb-gauge definition of 〈a†a〉 as shown
in Eq. (6). That is, a 1-photon-spBO surface does not ac-
tually denote a surface where there is one photon in the
system, for example. The spBO surfaces can be viewed
as approximate (self-polarization modified) polaritonic
surfaces, becoming identical to them in the limit of zero
coupling. For small non-zero coupling the polaritonic
surfaces, defined as eigenvalues of Hˆ− Tˆn, resemble the
n-photon-spBO surfaces when they are well-separated
from each other, but when they become close, the cross-
ings become avoided crossings.
The top middle panel of Fig. 2 shows the (0-photon)
spBO (pink) and 1-photon spBO surfaces (black) for the
single mode case, where the spBO and BO surfaces es-
sentially coincide. The top panel of Fig. 3 shows in black
the spBO surfaces for our system for 10, 30, 50, and 70
modes. For 10 modes, they show only a small deviation
from the BO surfaces with a small widening and shift
of the avoided crossing region. As the number of cav-
ity modes grows, the spBO surfaces clearly show an in-
creasing departure from the BO surfaces. Given that the
landscape of such surfaces provides valuable intuition
about the nuclear wavepacket dynamics, with their gra-
dients supplying forces, this suggests an important role
of the self-polarization term in the dynamics of the nu-
clear wavepacket, as we will see shortly.
The band-like structures indicated by the shaded col-
ors in the top row of Fig. 3 represent the 1-photon-spBO
surfaces, forming a quasi-continuum. The shading actu-
ally represents parallel surfaces separated by the mode-
spacing 0.0018 a.u. (We note that, as a function of cavity-
length, the mode-spacing decreases, approaching the
continuum limit as L approaches infinity, however the
coupling strength λα also decreases, vanishing in the
infinite-L limit such that the free BO surfaces are recov-
ered). The 1-photon ground-spBO band and 1-photon
excited-spBO band show growing width and increas-
ing overlap as the number of photon modes increases,
suggesting a nuclear wavepacket will encounter an in-
creasing number of avoided crossings between ground-
and excited- polaritonic states as it evolves. It is worth
noting that the 1-photon-spBO band overlaps with the
(n > 1)-photon-spBO band of the lower frequencies, e.g.
the 10-photon-spBO curve for the fundamental mode
coincides with the 1-photon-spBO curve for the 10th
mode. For simplicity however we will still refer to these
as simply 1-photon-spBO bands with the understand-
ing that they may include some higher-photon-number
states for low frequencies. For clarity of the figure, we
show only the 1-photon-spBO band, but we note that the
(n > 1)-photon bands also play a role in the dynamics,
in particular when there is overlap between the (n > 1)-
photon spBO ground state and the spBO excited state.
We return to the implications of the spBO bands later in
the discussion of the multi-mode cases.
Finally, as mentioned above, the spBO surfaces do not
incorporate the bilinear light-matter interactions, which
if included would turn crossings of the spBO surfaces
into avoided crossings of self-polarization modified po-
laritonic surfaces. Computing these for a large num-
ber of photon modes results in a large diagonalization
problem. Instead, the spBO surfaces depend on only the
matter operators and light-matter coupling strength so
could in principle be computed with a similar computa-
tional expense as for BO surfaces while giving already
an indication of how chemistry is modified in the cavity,
as we will see shortly.
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III. MTE TREATMENT OF PHOTONIC SYSTEM
A computationally feasible treatment of coupled
electron-ion-photon dynamics in a multi-mode cavity
calls for approximations. Here we will consider one
electronic and one nuclear degree of freedom but up to
70 photon modes, so we use MTE for the photons, cou-
pled to the molecule treated quantum mechanically.
We launch an initial Gaussian nuclear wavepacket on
the excited BO surface at R = −4a.u. We take the ini-
tial state as a simple factorized product of the photonic
vacuum state ξ0(q) for each mode, the excited BO state,
and the nuclear Gaussian wavepacket: Ψ(r,R, q, 0) =
N e−[2.85(R+4)2]ΦBOR,2(r)ξ0(q), where q denotes the vec-
tor of photonic displacement-field coordinates. More
precisely, for the MTE for photons we sample the ini-
tial photonic vacuum state from the Wigner distribution
given by: ξ0(q, p) =
∏
α
1
pi e
[
− p
2
α
ωα
−ωαq2α
]
. Furthermore,
with two electronic surfaces, the equations of motion are
as follows, for the lth trajectory:
q¨ lα(t) = −ω2αq lα − ωαλα(Z〈R〉l − 〈r〉l), (8)
i∂t
(
C1(R, t)
C2(R, t)
)
=
(
h11 h12
h21 h22
)(
C1(R, t)
C2(R, t)
)
, (9)
with the diagonal matrix elements
hii = 
i
BO(R)−
1
2M
∂2R +
∑
α
(
λαωαq
l
α(ZR− rii(R))
+
λ2α
2
· ((ZR)2 − 2ZRrii(R) + r(2)ii )
)
(10)
and for i 6= j,
hij = − 1
M
dij(R)∂R −
d
(2)
ij (R)
2M
−∑
α
λαωαq
l
αrij(R) +
∑
α
(
λ2α
2
·
(
−2ZRrij(R) + r(2)ij (R)
))
(11)
Here the non-adiabatic coupling terms are dij(R) =
〈ΦBOR,i |∂RΦBOR,j〉, d(2)ij (R) = 〈ΦBOR,i |∂2RΦBOR,j〉, and the transi-
tion dipole and quadrupole terms r(n)ij = 〈ΦBOR,i |rˆn|ΦBOR,j〉.
The coefficients Ci(R, t) are the expansion coefficients
of the electron-nuclear wavefunction in the BO basis:
Ψ(r,R, t) =
∑
i=1,2 Ci(R, t)Φ
BO
R,i(r). Subsequently, R-
resolved and R-averaged BO-populations are defined
as |c1,2(R, t)|2 = |C1,2(R, t)|2/|χ(R, t)|2 and |C1,2(t)|2 =∫
dR|C1,2(R, t)|2 respectively. In the single-mode case
we will also present the results for when the pro-
ton is also treated by MTE with the nuclear trajectory
satisfying MR¨l(t) = −〈∂RBO(Rl)〉 −
∑
α ωαλαq
l
α −∑
α
(
λ2αZ(Z〈R〉l − 〈r〉l)
)
. For all MTE calculations
20,000 trajectories were enough for convergence the re-
sults for all cases.
RESULTS
A. Single-Mode Benchmark
First we consider a single-mode case for which we
are able to compare the MTE method to numerically ex-
act results [67]. The cavity-free dynamics of our system
shows ”proton-coupled electron transfer” in the follow-
ing sense: The top panel of Fig. 2 shows the electronic
wavefunctions at R = −4 a.u. (left) and R = 4 a.u.
(right) in the cavity-free case, showing that the transition
of the initial nuclear wavepacket to the lower BO sur-
face through non-adiabatic coupling near the avoided
crossing results in an electron transfer. Ref. [47] found
that this proton-coupled electron transfer is suppressed
when the molecule is placed in a single-mode cavity res-
onant with the initial energy difference between the BO
surfaces. This energy difference is 0.1 a.u. which would
correspond to about the 56th mode in the cavity with
the parameters described in Sec. I. A single mode of
frequency equal to the fundamental mode of that cav-
ity is so far off the initial resonance that the dynam-
ics is only slightly altered from the cavity-free case (see
Sec. III). Instead, for the purposes of benchmarking the
MTE method for cavity-modified dynamics in this sec-
tion, we use the same parameters as in Ref [47]: cavity
frequency of 0.1 a.u. with light-matter coupling strength
λ = 0.005 a.u.
The second row of Fig. 2 shows the dynamics of
the nuclear wavepacket (see also supplementary mate-
rials, movie 1) for the exact cavity-free case (pink), ex-
act single-mode case (black), MTE for photons (blue)
and MTE for both photons and nuclei (light blue). As
discussed in Ref. [47], the exact dynamics in the cavity
shows suppression of proton-coupled electron transfer
(compare pink and black dipoles in third panel), due to
photon emission at early times (black line in panel (d))
yielding a partially trapped nuclear wavepacket, lead-
ing to less density propagating to the avoided crossing
to make the transition to the lower BO surface. The BO-
populations in the lowest panel (e) show the initial par-
tial drop to the ground-state surface associated with the
photon emission.
Both MTE approaches are able to approximately
capture the cavity-induced suppression of the proton-
coupled electron transfer, as indicated by the blue and
light-blue dipoles and photon-number in panels (b–d),
and approximate the BO occupations in panel (e) rea-
sonably well. However both approaches somewhat un-
derestimate the suppression; the photon emission is un-
derestimated by about a third, as is the suppression of
the electronic dipole transfer, for example. We note that
the photon number is by far dominated by the first term
in Eq. (6) (compare black and dashed gray line in panel
(d)); there is only a single mode at an initially resonant
molecular frequency, and the coupling is small enough
that the second and third terms are very small. To un-
derstand why MTE underestimates the photon number,
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FIG. 2. Single-Mode Case: The top panel shows the ground
(lower) and excited (upper) BO wavefunctions at R = −4 a.u.
(left) and at R = 4 a.u. (right) and the spBO surfaces (pink)
and one-photon spBO surfaces (black). The spBO surfaces
are essentially identical with the BO surfaces however for the
single-mode case. The second panel depicts the nuclear den-
sity for cavity-free (pink), full quantum treatment (black), MTE
treatment of the photons only (blue) and MTE treatment of
both photons and nuclei (light blue) at time snapshots t = 22 fs
(a.1) ,t = 30 fs (a.2) and t = 38 fs (a.3). The third panel shows
the electronic (b) and nuclear (c) dipole and the photon num-
ber (d). In panel (d) the dashed-grey line shows the photon
number Eq. (6) while the black shows the first term only. The
lowest panel depicts the BO occupations, |C1,2(t)|2.
we compare the potentials the MTE photons experience
to the exact potential acting on the photons as defined by
the exact factorization approach, which was presented
in Ref. [48]. In this approach, the total wavefunction of
a system of coupled subsystems is factorized into a sin-
gle product of a marginal factor and a conditional factor,
and the equation for the marginal satisfies a Schro¨dinger
equation with potentials that exactly contain the cou-
pling effects to the other subsystem. When the photonic
system is chosen as the marginal, one obtains then the
exact potential driving the photons, and this was found
for the case of an excited two-level system in a single res-
onant mode cavity in Ref. [48]. It was shown that the po-
tential develops a barrier for small q-values while bend-
ing away from an upper harmonic surface to a lower
one at large q, creating a wider and anharmonic well.
This leads then to a photonic displacement-field density
with a wider profile in q than would be obtained via the
uniform average of harmonic potentials that underlie
the MTE dynamics, i.e. MTE gives lower probabilities
for larger electric-field values, hence a smaller photon-
number and less suppression compared to the exact.
An additional treatment of the nuclei within MTE
yields a spreading of the nuclear wave packet instead
of a real splitting (Fig. 2(a.3)), a well-known problem
of Ehrenfest-nuclei. This error is less evident in av-
eraged quantities such as dipoles and BO coefficients.
We note that an exact treatment of the photons cou-
pled to MTE for only nuclei will not improve this sit-
uation. With more photon modes, the polaritonic land-
scape has even more avoided crossings, which are likely
to make the Ehrenfest description for nuclei worse, call-
ing for the development of more advanced propagation
schemes [68, 69].
Having now understood the limitations of MTE, we
now apply the MTE framework for photons to the multi-
mode case.
B. MTE Dynamics for Multi-Mode Cases
We return to the cavity-parameters of Sec.I, where the
fundamental mode has ω0 = 0.0018 a.u. and the light-
matter coupling strength λα = ±0.01 a.u. for modes
which are non-zero at the center of the cavity (see Sec. I).
We consider the effect on the dynamics as an increasing
number of harmonics of the fundamental are included
in the simulation: from 1, 10, 30, 50, to 70 modes. Al-
though in principle all modes should be considered, al-
ready these cases demonstrate a dramatic impact of the
number of modes on the dynamics.
We note if we had instead used a cavity whose funda-
mental mode is 0.1 a.u. as in the single-mode demon-
stration of the previous section, then considering the
effect of including higher cavity-modes on the dynam-
ics would be more complicated since one rapidly en-
counters cavity wavelengths short enough that the long-
wavelength approximation is broken. Instead, with the
parameters of Sec. I that we use here for the many-mode
cases, the maximum frequency included is ωmax =
0.127[a.u.] in the 70 mode case, which corresponds to a
wavelength of λmax = 0.057[µm], much larger than the
spatial range of the molecular dynamics.
Another important aspect when including many pho-
ton modes is the well-known zero-point energy leakage
problem. However, in all cases considered here we find
none (for the 10 - 50 mode cases) or extremely small
leakage for long times and high frequencies (for the 70
mode case) compared to the overall emission and pho-
5
ton number, with no impact on the dynamics. Still, as
more modes are included (beyond 70 modes) we antici-
pate the zero-point energy leakage could become a prob-
lem and would need to be addressed carefully.
The top panel of Fig. 3 shows the ground and excited
1-photon spBO bands, as introduced earlier. As men-
tioned in Sec. II, we do not show the entire (n > 1)-
photon spBO bands explicitly for clarity, but it is impor-
tant to note that the 1-photon band does include some
(n > 1)-photon states of the lower frequency photon
modes that are included in each simulation.
As we observed earlier, including more photon modes
has two effects on the spBO surfaces. First, the self-
polarization morphs them away from the cavity-free BO
surfaces, increasing their separation, and what was a
narrow avoided crossing in the cavity-free case shifts
leftward in R with increased separation. Second, the 1-
photon ground and excited spBO bands both broaden
with increasing number of crossings with the 0-photon
spBO surfaces and with each other in the regions of
overlap. As the gradient of these surfaces and the cou-
plings between them are considerably altered, we expect
significant differences in the nuclear dynamics when go-
ing from the single-mode case to the many-mode case.
Indeed, this is reflected in the middle panel of Fig. 3
which shows the nuclear wavepacket at time snapshots
22 fs (a.1), 30 fs (a.2), 41 fs (a.3) and in the lower panel,
showing the nuclear dipole (panel b) and electronic
dipole (panel (c)). The corresponding R-resolved BO-
occupations of the ground-BO electronic state |c1(R, t)|2,
shown in Fig.4(a), and the R-averaged occupations
|C1,2(t)|2 over time plotted in Fig.4(b) also show signif-
icant mode-number dependence (A movie is also pro-
vided in supplementary materials, movie 2).
Dynamics in the single-mode cavity (black as com-
puted with MTE and gray dashed for exact, in Fig. 3)
is almost identical to the cavity-free case (pink), since
the mode is far off the molecular resonance (ω =
0.0018 a.u.) for the duration of the dynamics. Differ-
ences are seen when the nuclear wavepacket encoun-
ters the avoided crossing region, with the single-mode
case slightly lagging behind the cavity-free dynamics,
and with a smaller transfer to the lower electronic state.
First, due to the stronger coupling (λ = 0.01 a.u.),
compared to the single mode benchmarking, the spBO-
surfaces (not shown here) already have a very slight dis-
tortion from its original BO-form, with a slightly wider
and broader avoided crossing region. As a result, the
transfer to the ground electronic state is slightly re-
duced, as evident in Fig. 4(a.3, b) and Fig. 3c). With
more population in the upper state which slopes to the
left after the avoided crossing, the wavepacket slows
down compared to the cavity-free case (Fig. 3a.3,b). The
0-photon spBO surfaces at closest approach have an
energy difference of about 0.006 a.u. so the 1-photon
ground-state surface does not interact strongly with the
excited spBO surface. The overlap of the 4- and higher-
photon ground-state surfaces with the excited spBO sur-
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FIG. 3. The ground- and excited 1-photon spBO bands, rep-
resenting surfaces separated by 0.0018 a.u. (see text) for 10
modes (green), 30 modes (orange), 50 modes (red) and 70
modes (blue). The middle panel depicts the nuclear density at
time snap shots t = 22fs (a.1), t = 30fs (a.2) and t = 41fs (a.3)
in the same color code along with the single mode case com-
puted within MTE-for-photons (black), exact (gray dashed)
and cavity-free (pink) . The lowest panel shows the nuclear
dipole (b) and electric dipole (c).
face leads to a small photon emission as seen in Fig. 5.
We observe that unlike for the parameters of the previ-
ous section, the larger self-polarization term results in
a significant difference between the true photon num-
ber of Eq. (6) and the “pseudo-photon-number”, the first
term, even for a single-mode, but due to the low fre-
quency of this mode there is only a limited impact on
the energetics of the matter system.
Going now to the 10-mode case (green in Fig. 3), the
spBO surfaces are visibly distorted from the BO-surfaces
shown in Fig.2, and we begin to see suppression of both
the proton transfer in panels (a) and (b), and more so
the electron transfer in panel (c). The largest cavity-
frequency has a frequency ωmax = 0.018 a.u., while at
closest approach the spBO surfaces differ in energy by
0.01a.u. with their avoided crossing shifting further left
to R = 1.2 a.u. The suppression of the molecular dy-
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shots t = 22 fs (1), t = 30 fs (2) and t = 41 fs (3) over R and
the averaged population over time (c) in the same color code
as Fig.4.
namics begins to occur a little before the wavepacket
approaches the avoided crossing between the spBO-
surfaces, and is due to two effects: first, the gentler
slope and weaker crossing of the spBO surfaces caus-
ing a weaker effective electron-nuclear non-adiabaticity,
and second, the crossings between the 1-photon ground
spBO surfaces with the first excited spBO surface caus-
ing photon emission. These crossings become avoided
crossings once the matter-photon bilinear coupling is ac-
counted for, i.e. in the polaritonic surfaces. At around
R = 0.6 a.u., a single photon of ωmax first becomes reso-
nant to the self-polarization modified molecular excita-
tion, enabling transitions from the 0-photon excited sur-
face to the 1-photon ground spBO-band, which continue
also at lower frequencies as the wavepacket proceeds to
the right and through the avoided crossing at around
R = 1.2 a.u.. This is also reflected in the mixed charac-
ter of R-resolved BO-population (see Fig.4(a.2)), show-
ing an increase of the ground electronic state popula-
tion before reaching the avoided crossing. The part of
the wavepacket already transferred to the ground state
before reaching the avoided crossing of the spBO sur-
faces has to climb a potential hill to pass through, hence
less reaches the right side. This effect, together with
the weakening of the electron-nuclear nonadiabaticity
from the self-polarization term distorting the BO sur-
faces, yields a suppression of both the electron and pro-
ton transfer. The photon number, dominated again by
the self-polarization contribution (third term in Eq. 6),
shows a corresponding increase at around 23 fs, Fig.5.
Turning now to the 30-mode case (orange) with
ωmax = 0.055 a.u., the distortion of the spBO states from
the BO increases, with the avoided crossing widening
slightly and shifting leftward toR = 0.5 a.u.. The broad-
ened one-photon bands lead to more and and earlier
photon emission compared to the 10-mode case (Fig. 5).
The highest cavity-mode frequencies included now are
resonant with the self-polarization modified molecular
resonance already at R = −1.3 a.u.. However, due
to the change in curvature of the excited spBO surface
compared to the BO surface, we observe a clear sup-
pression of the dynamics even before the wave packet
reaches this region, as evident from Fig. 4.(a.1). Once
the wave packet approaches R = −1.3 a.u. the cavity
modes become resonant enabling transitions from the 0-
photon excited spBO surface to the broadened 1-photon
ground spBO-band; the narrowing of the spBO energy
differences as the wavepacket progresses past this point
leads to transitions to 1- and (n > 1)-photon ground-
spBO surfaces of the lower frequency modes. (Again,
the many crossings of these surfaces become avoided
crossings of the polaritonic surfaces). In fact we see
even earlier an increase in the R-resolved BO ground-
state population (orange in panel (a.1) in Fig. 4) for the
left part of the wave packet, and an increase in the pho-
ton number around 20 fs in Fig 5. Why this happens
to the left of the wavepacket rather than the right (the
right is less off-resonance than the left), could be due to
a stronger photon-matter coupling there from the larger
molecular dipole in the left tail of the wavepacket com-
pared to the leading edge. The right part of the nuclear
wave packet shows a more mixed character of the R-
resolved BO ground-state population at early times. The
combined effects of increased early transitions to the
electronic ground spBO state and a slightly less sharp
electron-nuclear non-adiabatic region, leads to a less of
the nuclear wave packet reaching the avoided crossing
and a reduced electron-proton-transfer dramatically, as
shown by the electronic and nuclear dipoles and the BO-
occupations.
In the 50-mode case (red), the self-polarization term
distorts the spBO surfaces further (Fig. 3), shifting the
electron-nuclear non-adiabatic region to be centered
near R = 0 a.u.. The 1-photon bands are wider, with
ωmax = 0.091 a.u., and become resonant with the self-
polarization modified molecular resonance already at
R = −3 a.u. This leads to transitions from the initially
0-photon excited spBO surface to the 1-photon ground
spBO surfaces already at very short times. This is evi-
dent in the almost immediate mixed character of the R-
resolved BO populations. The flatter slope of the excited
spBO surface together with the increased population in
the lower spBO surface (Fig. 4.a), greatly slows the nu-
clear density down compared to the fewer-mode cases,
and results in a full suppression of both the proton and
electron transfer, as evident from panels (a-c) in Fig. 3.
The wave packet reflects before appreciably reaching
the avoided crossing, and the change in the spatially-
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averaged BO-population in Fig.4.(b) is caused solely by
the nuclear wave packet dropping into the ground-BO
state by emitting photons, and is not due to the avoided
crossing at R = 0 a.u. Considering the photon number
shown in Fig. 4, although the free photonic field com-
ponent in panel (b) has a rapid initial increase and then
grows throughout the time evolution as in the few-mode
cases, while the linear term has a compensating decrease
(panel c), the total photon number decreases after some
time, due to the self-polarization contribution. As ex-
pected, this term increases with the number of modes at
the initial time, but since it is proportional to the the total
dipole of the system, whose transfer is suppressed, the
resulting photon number tracks this behavior and is ul-
timately reduced compared with the fewer-mode cases.
The 70-mode case (blue) with ωmax = 0.127 a.u. can
be seen as an enhanced 50-mode case and leads to an
even stronger suppression of proton-coupled electron
transfer, with the same two key features that have been
responsible for the cavity-modified dynamics in the 10-
and higher-mode cases now having an even greater
impact. First, by including the resonant frequency of
the initial position of the nuclear wave packet, part
of the wave packet almost immediately drops to the
lower surface by emitting photons Fig. 5; see also R-
averaged BO populations at early times, Fig. 4.(b) and
the mixed character developing in the R-resolved pop-
ulations of Fig. 4.(a). Second, the deviation of the ex-
cited spBO surface is now strong enough that its gra-
dient slopes back to the left soon after the initial nu-
clear wavepacket slides down from its initial position
at R = −4 a.u., sloping back to the left, in contrast to
the cavity-free excited BO surface. The overlap of the
extensively broadened 1-photon-excited- and 1-ground-
bands increases significantly creating a near-continuum
of avoided crossings of polaritonic surfaces. The 0-
photon surfaces are everywhere surrounded by near-
lying n-photon surfaces. Compared to the 50-mode
case, even less density reaches the region of the avoided
crossing, which is now even wider. The slope of the ex-
cited spBO-band results in even slower nuclear dynam-
ics, with the nuclear and electronic dipole returning to
their initial positions after only a small excursion away,
as evident in Fig. 3. Analogously to the discussion for
the 50-mode case, we find a larger initial total photon
number, compared to the 50-mode case, followed by a
moderate increase and decrease due to the early reflec-
tion of the nuclear wave packet.
Finally, to emphasize the importance of the self-
polarization term on the dynamics, in Fig. 6 we compare
the results of the MTE dynamics on the electronic and
nuclear dipoles and photon number when this term is
neglected (dashed) or included (solid) for 10, 30, 50 and
70 modes. For the electronic and nuclear dipole already
for the 10 mode case deviations up to 1.2 a.u. (electronic)
and 0.4 a.u. (nuclear) are found at later times. The error
in neglecting self-polarization becomes especially no-
table for the 50- and 70-mode cases, where including the
self-polarization yields a decrease of the proton-transfer
(from 50 modes to 70 modes), while not including the
self-polarization yields an increase of the proton trans-
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fer. Therefore, neglecting the self-polarization term for
many photon modes not only changes the quantitative
results dramatically, but can also result in overall differ-
ent physical effects. In fact, the nuclear and electronic
wavepackets in the 70-mode case become delocalized
over the entire region, so plotting simply the dipole, an
averaged quantity, appears to give more agreement with
the self-polarization-neglected dynamics, when in fact
the wavepackets look completely different (see also sup-
plementary material, compare movie 2. and 3.). Turning
to the total photon number, we find that the more pho-
ton modes are accounted for, the simulations without
self-polarization first underestimates (10-mode), then
coincides (30-modes) and then overestimates the photon
number up to a factor of 2.8 (70-modes), compared to
the simulations that include self-polarization. This can
be explained with the trends of the total dipole moment
discussed above, since a dominant contribution to the
photon number is the self-polarization term in Eq. (6)
which depends directly on this.
IV. DISCUSSION AND OUTLOOK
Our results suggest that the effect of multiple cavity-
modes on the reaction dynamics can lead to dramati-
cally different dynamics than the cavity-free case. This
is true even when the cavity-modes are far from the
electronic resonances encountered in the dynamics, and
even more so when cavity-modes are resonant with the
matter system. In particular, for the model of cavity-
induced suppression of proton-coupled electron trans-
fer investigated here, we find an overall increase of
the suppression the more photon modes are accounted
for. Two mechanisms are fundamentally responsible for
the difference: First, the self-polarization term grows in
significance with more modes with the effect that self-
polarization-modified BO surfaces are distorted signif-
icantly away from their cavity-free shape. Polaritonic
surfaces, eigenvalues of H − Tn, should include the ex-
plicit matter-photon coupling on top of these spBO sur-
faces. Second, the n-photon-spBO bands become wider
and increasingly overlapping, yielding a very mixed
electronic character with much exchange between sur-
faces. These new dressed potential energy surfaces pro-
vide a useful backdrop to analyze the dynamics, and
will form a useful tool in analyzing the different surfaces
put forward to study coupled photon-matter systems,
for example the polaritonic surfaces, and especially the
time-dependent potential energy surface arising from
the exact factorization as this single surface alone pro-
vides a complete picture of the dynamics.
The MTE treatment of the photons appears to be a
promising route towards treating realistic light-matter
correlated systems. In particular, this method is able
to capture quantum effects such as cavity-induced sup-
pression of proton-coupled electron transfer, yet over-
comes the exponential scaling problem with the num-
ber of quantized cavity modes. However, a practical ap-
proach for realistic systems will further need an approx-
imate treatment of the matter part. From the electronic
side TDDFT would be a natural choice, while a prac-
tical treatment of nuclei calls for a classical treatment
such as Ehrenfest or surface-hopping in some basis. The
multiple-crossings inside the n-photon spBO bands sug-
gest that simple surface-hopping treatments based on
spBO surfaces should be used with much caution and
that decoherence-corrections should be applied, for ex-
ample those generalized from the exact factorization ap-
proach to the electron-nuclear problem [68, 69]. Fur-
ther, the MTE approach could provide a way to accu-
rately approximate the light-matter interaction part of
the QEDFT xc functional [4, 27, 30, 45].
Finally, we note that the present findings are general
in that the increasing importance of self-polarization
with more photon modes is expected to hold for the
description and control of cavity-driven physical pro-
cesses of molecules, nanostructures and solids embed-
ded in cavities in general. Extensions of these findings
to multi-mode cavitites suggest a new possibility of con-
trolling and changing chemical reactions via the self-
polarization without the need to explicitly change the
light-matter coupling strength itself.
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